Abstract. In de Sitter spacetime there exists an absolute minimum for the mass of a spin-2 field set by the Higuchi bound m 2 ≥ 2H 2 . We generalize this bound to arbitrary spatially flat FRW geometries in the context of the recently proposed ghost-free models of Massive Gravity with an FRW reference metric, by performing a Hamiltonian analysis for cosmological perturbations. We find that the bound generically indicates that spatially flat FRW solutions in FRW massive gravity, which exhibit a Vainshtein mechanism in the background as required by consistency with observations, imply that the helicity zero mode is a ghost. In contradistinction to previous works, the tension between the Higuchi bound and the Vainshtein mechanism is equally strong regardless of the equation of state for matter.
Introduction
Theories that attempt to modify General Relativity (GR) have a long and rich history. Their study in most recent years has been further motivated by the observational finding on the Supernova data [1, 2] which points to acceleration in the current expansion of the Universe. If GR is correct, then there must be a dark energy density of ρ ∼ 10 −29 g/cm 3 . If this value is due to the cosmological constant Λ, it will enforce an extremely small number for Λ, very far from the value that arises from quantum field theory considerations [3] . On the other hand, if one is willing to modify GR, it has been shown in different modified gravity theories [4] - [7] that there exist self-accelerating solutions [8, 9] which might explain the current acceleration of the Universe without resorting to dark energy. A ubiquitous issue in theories of gravity, such as the smallness of the cosmological constant, can have different manifestations in different theories. A much desired feature of such theories would be a mechanism by which the smallness of the parameter Λ (or whatever parameter takes its place) is technically natural. Quite generally, if setting to zero a small parameter in a theory results in an additional symmetry, it is reasonable to expect that quantum corrections to that parameter will be of the same order of the parameter itself as they are protected by the initial symmetry; if this is the case, the parameter is said technically natural.
Take for example massive gravity (MG): at large distances MG weakens with respect to GR, the potential reads ∼ e −mr /r. This results in the possibility of an accelerated expansion without dark energy. Observations force one to assume a very small m and again, the fine tuning issue reappears in the ratio m/M Pl . Interestingly though, one notices here how the m = 0 theory, GR, has an additional gauge symmetry that is broken by the massive term and so there is indeed room for a technically natural small value of the parameter m.
Departing from GR comes with a heavy baggage: since the pioneering proposal of Fierz and Pauli [10] , theories of massive gravity have been plagued with continuity issues [11] [12] [13] , instabilities (ghosts) [14] , and with a hierarchy of scales which has made it hard to make sense of the theory [15] . A lot has been done in recent years to make the prospect of a massive theory of gravity more intriguing and, possibly, more predictive. This effort [16] culminated [18, 20] in the formulation of a theory of massive gravity (which we shall refer to as dRGT from now on) which is free of ghosts at the fully non linear level [21] [22] [23] [24] [25] [26] [27] [28] . This theory is endowed with a benevolent hierarchy of scales which neatly splits the linear regime, the non-linear one and the regime where quantum effects must be taken into account.
Having such a young theory at one's disposal, there is no shortage of aspects in need of careful investigation [29] [30] [31] [32] [33] [34] [35] [36] . The more cosmologically inclined might for example opt for a study of realistic cosmological solutions for dRGT, this has recently been done in [37] . The analysis we present here shares some features with the work [37] in that it points towards the same direction. In this manuscript we study the classical stability of the scalar sector of dRGT theory up to quadratic order in perturbations when the reference metric is taken to be FRW. We probe several cases according to the background value of the dynamical metric g µν and the reference metric f µν . Matter content besides the cosmological constant is also considered. Such a study has been performed in the past for theories which were known to have ghosts [38, 39] . In this context the so called Higuchi bound [40] on the mass of the graviton was introduced. It is a strong lower bound on m, m 2 ≥ 2H 2 , and arises from the requirement that the kinetic term for the helicity zero mode, i.e. the scalar cosmological perturbations, is positive definite. Things do not necessarily improve when one includes matter because a similar bound must hold over the different cosmological epochs [39] , as we will see. We show that, even if in dRGT there is more room to accommodate for such a bound (e.g. dRGT has 2 free parameters) and even if we employ at full the freedom on the reference metric, once observations are taken into account the bound remains quite stringent. We hint to a possible resolution in the Conclusions. Our final bound is give bym In this paper the background metrics studied are both homogeneous and isotropic, a natural next step would then be to consider introducing inhomogeneities at the background level. There is more to support further work in this direction: in [37] , it was shown that there exist no truly homogeneous and isotropic cosmological solutions in dRGT theory with a Minkowski reference metric, for the very same reasons that guarantee no Boulware-Deser ghost is present in such a theory. On the other hand, there are approximate solutions that well describe observations and yet evade this no-go theorem. We will expand upon this in a forthcoming work [45] .
This paper is organized as follows: in the first Section we briefly introduce dRGT theory. In Section 2 we report the details of the theory at second order in perturbation for the scalar sector. In Section 3 we briefly introduce the Higuchi bound and summarize previous work on the subject. In Section 4 we present the analysis for the theory when both metrics are de Sitter. In Section 5 we add matter content and consider FRW solutions. In the Conclusions section we elaborate on our findings and future work.
Although in this work we concentrate on quite specific aspects of the theory, it is important to appreciate that this model of massive gravity seems to enjoy properties and structures that are ubiquitous in current analysis of, for example, alternative models to inflation [47] [48] [49] [50] [51] . This theory as a whole also appears to be part of a larger family of massive theories of gravity [52] some of which first emerged in the study of AdS 3 /CFT 2 correspondence.
dRGT Massive Gravity
The theory of massive gravity defined on an arbitrary reference metric f µν [53] is just a straightforward generalization of the theory proposed in [20] . The Lagrangian takes the form of Einstein gravity with matter plus a potential that is a scalar function of the two metrics
The most general potential U that has no ghosts is build out of characteristic polynomials of the eigenvalues of the tensor
where the α n are free parameters, and
4)
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where [. . .] represents the trace of a tensor with respect to the metric g µν . The absence of ghost for this theory for a Minkowski background metric was shown in the decoupling limit in [17, 18, 20] , fully non-linearly beyond the decoupling limit in [21, 22] , as well as in the Stückelberg and helicity languages in [23] [24] [25] [26] [27] [28] . Varying with respect to the metric g µν we find the equations of motion
where
Using the Bianchi identities, we obtain the following constraint on the metric
It is clear from the above formula that the subspaces of parameter choices α 3 + α 4 = 0 and α 4 = −α 3 = 1 are special. We shall see below that the same structure arises in the Higuchi bound. As is well understood, we can introduce Stückelberg fields to recover diffeomorphism invariance, however in what follows we shall work entirely in unitary gauge to make clearer the comparison with the work of [38] and [39] .
3 Action at 2nd order in perturbations
Our starting point for the two metrics reads:
where, f µν being the fixed, reference metric, is not perturbed 1 . It is convenient to employ throughout this work the ADM decomposition for the metric and its fluctuations [54] . For future convenience we define the ratio of scale factor
If both the background and reference metrics are de Sitter then we would haveḡ µν = (1 + z)f µν with z time independent. However our formula will be valid in the general time-dependent case. The same constraint, coming from the consistency of the Friedmannȧ and accelerationä equations that forbids the existence of FRW solutions for Minkowski reference metric, in the generic FRW case imposes the condition
where H 0 is the Hubble rate for the reference metric H 0 =ḃ/(Mb). Although it appears that we could solve this relation with (1 + 2(1 + α 3 )z + (α 3 + α 4 )z 2 ) = 0, it turns out that in this branch of solutions there are fewer than the full 5 propagating solutions in the gravity sector, and these correspond to singular points in phase space which would be infinitely strongly coupled due to the vanishing of the kinetic term for the helicity zero mode at quadratic order (we shall discuss this further in [44] ).
The correct solution of this relation that gives rise to the full 5 propagating degrees of freedom in the gravity sector is 4) and it is this solution only that we shall consider in the following. This relationship is crucially important in what follows. It is this relation that ties together the dynamics of the two metrics. This same relationship arises in the bigravity case when both metrics are taken to be dynamical [59] (so does the same issue with the pathological branch).
In what follows we shall also set M Pl = 1 to simplify the calculation, reintroducing it only for clarification when necessary. In compact ADM notation, our general action will look like the following:
The lapse and shift functions are auxiliary variables. N i can be solved for and will drop out of the action while, N will enforce a constraint. With fluctuations in mind, we specify that:
Note that we have set N = 1 in the background which we ensure by appropriate choice of coordinates for the reference metric, this in general implies M ≡ 1. No confusion should arise from the common labeling π i i = π as opposed to the fluctuation of the conjugate momentum π of the scalar Φ as what we refer to will be quite clear from the context.
As mentioned, we will concentrate here on the instability of the scalar sector of the theory, since this is where the Higuchi bound is known to arise; to this aim, it is very convenient to employ the following tensor decomposition for p ij and for the metric fluctuation h ij :
where c n , d n , e n , f n 's are in general functions of a, b, M as of Eq. (3.1) (see Appendix A for an explicit expression for the functions above).
The Higuchi bound, an example
At this stage it seems apt to introduce the stability condition we are after, which will determine the Higuchi bound. In order to do so, we restrict ourselves to a very simple specific case encompassed by the theory above (see [38] for a detailed treatment):
• no matter content
• the reference metric f µν is set equal to the background value of g µν , i.e. f µν =ḡ µν ⇔ z = 0, so no background contribution from the MG action 3 . As we will do for the general case, we write the resulting canonical action in this form:
The stability conditions can be read off the matrix K and M, they should be positive definite for the system to be stable. As will be later explained, we will focus here on what is now the matrix M and disregard the so called gradient instability. In the simplest case, when the three conditions above are met, the Lagrangian for the helicity zero mode is [38] :
where the matter Φ has been put to zero also in E 0 , E 1 and the MG Lagrangian starts at second order in perturbations. The background equations of motion simply read 3H 2 = Λ,Ḣ = 0.
We spare the reader the simple albeit tedious algebra but list the steps required to reduce the Lagrangian in (3.11) to a convenient version of Eq. (3.10): 1) Solve for N i and plug back in the Lagrangian; 2) Employ the field redefinitions:
Solve for the variable p t (no loss of generality); 4) Perform the field redefinitions
t by its algebraic equation; 6) Finally, use the background e.o.m. and employ the field redefinitions below:
The result is:
Having switched off the scalar Φ in this example, the canonical variables are just the couple (p 0 , q 0 ); the stability condition can be read directly from the sign of the q 2 0
coefficient, that is:
This is the Higuchi bound [40] on m in this set up. One is of course well aware that, over the different cosmological epochs, it is not allowed to assumeḢ = 0. Indeed, the bound as it presents itself here, serves as a warning that things need to be checked in more general scenarios, away from de Sitter [39] . We will perform steps similar to the ones mentioned above for the general theory but a quick route to Higuchi's result is worth it for clarifying the physical importance of the bound and how it comes about. Now, observationally, a lower limit on m is close to the last thing one worries about in MG. Quite on the contrary, the importance of identifying an upper bound is intuitively clear, after all, GR is known to work quite well.
Higuchi VS Vainshtein
In the m → 0 limit MG should reproduce GR. This does not happen quite so easily because the two theories have a different number of degrees of freedom. Vainshtein was the first to propose [13] an expansion parameter for MG solutions which makes it clear how inside the so called Vainshtein radius non-linearities play an important role in the theory. It has been proven that non-linearities help hide the additional degrees of freedom of MG and restore continuity with GR [55] [56] [57] .
A heuristic way to obtain the Vainshtein radius is the following. Consider a generic background equation for MG, schematically, it will be of the type:
The linear to non-linear regime transition happens when the fluctuation h µν ∼ 1 so that R abcd ∼ m 2 . We also know that R abcd ∼ ∇ 2 φ and φ ∼ GM r
. Therefore, R abcd ∼ GM r 3 ∼ m 2 and finally:
This is the celebrated Vainshtein radius. It is now clear that too large an m would be excluded by tests on the validity of GR in the solar system and beyond. We are inside r V then, and the mildest condition to impose on m would be for it to give a negligible contribution to the Friedmann equation of the theory. Since a cosmological constant contribution is allowed by data, the bound is best placed onḢ which for most of cosmic history must be consistent with GR. In other words consistency with cosmological observations for the period before dark energy domination requires
On the other hand we expect
. To see this, suppose that the reference metric describes a power-law FRW geometry. This would correspond to H 0 = A b n for some constants A and n. At the same time as we will see below we require
and so if in turn a(t)
For a given epoch of cosmological expansion (3.16) typically amounts to a condition of the form
which approximately (assuming one power of H/H 0 dominates) is
wherem 2 is the effective mass arising in the Higuchi bound (see below). It is this relation which creates tension with the Higuchi boundm 2 ≥ 2H 2 . We can of course imagine evading the Vainshtein bound for a specific period of cosmic evolution. For instance is b is chosen to behave as in a matter dominated universe, then during the period for which a is also matter dominated, the ratio H/H 0 will remain constant, and so the mass term contributes nothing but an overall cosmological constant to the Friedman equation, which may be absorbed into any existing contribution. However, without modifying b, the period of radiation domination will necessarily be modified from GR predictions. We will disregard such extreme tunings.
We see now that two different checks on massive gravity, one which originates from studying the classical stability of the theory, the other from the necessity to make sense of observations and recover GR at least at early cosmic times, come together and force contradictory bounds on m. The order one numerical coefficients might appear to leave some room for maneuvering, it is therefore a good time for a more detailed analysis. How this tension might be resolved in ghost-free theories of MG will be the subject of the following sections and of a follow-up work [44, 45] .
Higuchi bound: dS on dS
In the example above, several assumptions have been made, chief among which the use of FP theory, one which has long been known to have instabilities, ghosts. We now proceed to perform an analogous analysis employing the dRGT theory of massive gravity in full. Let us stress again that here we are dealing with a ghost-free model at fully non-linear level endowed with a clear-cut and convenient hierarchy of scales. For the moment, we do not add matter content but make full use of the parameter space of the theory, including the free parameters α 3 , α 4 . What we will learn for this case will be qualitatively true for the most general one, i.e. the effect of the two parameters does not change the qualitative picture of the Higuchi-Vainshtein tension.
We start with the Friedmann equation for the dRGT theory, without matter, according to Eq. (2.1):
where 1 + z = b/a. This is just a special case of the general Friedmann equation for an FRW reference metric
which can easily be determined from the equation of motion (2.8). Consistency of the Friedmann equation and the acceleration equationä (determined from (2.8)) implies the relation
and so
Putting this together the general Friedmann equation is (applicable for an arbitrary FRW reference metric)
We will use the Friedmann equation above in determining the Higuchi bound but at this stage we can already tell, because of the Vainshtein screening mechanism we introduced above, that the following inequality must hold before the period of dark energy domination:
or more precisely
We now proceed to give a detailed account on how to obtain the Higuchi bound in this case 5 . The explicit version of the calculation for the most general case will only be hinted at in the text of next section, while details will be reported in Appendix B. The explicit expression for the Lagrangian at second order in perturbations for dRGT without matter is:
There is a faster way to attain the Higuchi bound in this case, simply introducing a dressed mass m 2 that arises from looking at fluctuations about the de Sitter metric utilizing the de Sitter symmetry, and the using the representation theory statement thatm 2 > 2H 2 . It is instructive and convenient to spell out at this stage the more general procedure, where we cannot make use of the de Sitter symmetry, doing it directly for the most general theory would sacrifice clarity.
We refer the reader to Appendix A for the explicit expression of the functions c n , d n , e n , f n with the reminder that, in this case, M = 1 + z: we are in dS space. The next step is to solve for N i , to obtain:
Plugging this back in the action, we proceed to a convenient redefinitions of variables:
This will be complemented by the redefinitions on the matter scalar mode in the most general case. We are now ready to eliminate n, which acts as a Lagrangian multiplier, and use the constraint to solves for p t :
It is now convenient to perform a change of variables [38] :
after which one solves the algebraic equation for h t . The equation is easily solved in coordinate space because, as one can easily check, the coefficient of the ∇ 2 h t term in the action vanishes at this stage upon using the equation of motion. Finally, in order to put the action in a form where there are no mixed terms of the type p · q (this is easily done in this case) we perform the canonical transformation:
where A is determined by requiring indeed that the coefficient of Q · P is zero. We refer to Appendix A for the explicit expression. At this point the action will have the simpler form:
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The last step of the analysis in then to require α ≥ 0. Explicitly:
There is indeed now an effective mass, Although this bound is easily satisfied ifm 2 < 0 this is well-known to give instabilities in the vector sector of the theory since the kinetic term for the vector modes is proportional tom 2 . Consequently the real Higuchi bound is
In order to get an intuition for the Higuchi mechanism in this case, let us temporarily set α 3 , α 4 to zero. The form of the bound now is:
Now it is clear what one gains when considering a reference metric which is other than the background value of the dynamical metric g µν : the effective mass can be positive while, at the same time, the initial "bare" mass m 2 is allowed to be negative. Below we present the conditions that need be satisfied for the stability of the Hamiltonian. We split them in two convenient subsets, two branches for the value of H, assuming that the effective mass is positive for both . We obtain:
The branch on the left is the one which represents a continuous deformation of the usual case 6 , for which z = 1 ⇔ H = H 0 . In such a branch, we recover the by now familiar m 2 > 2H 2 in the H → H 0 limit. This solution will share the same properties we elaborated upon in the first example: the bound itself is quite stringent and there is a strong Higuchi-Vainshtein tension (see Eq. 4.25 below). The other branch is new: it lives in a different region of the parameter space where H > 3/2H 0 , allows for a positive effective mass while keeping the bare mass small and negative. Let us rewrite the second condition:
So, considering the freedom on the value of H 0 , the Higuchi bound, by itself, is not that stringent anymore. It can be easily satisfied. The only caveat would be that H must always be larger than H 0 , which fixes the value of H 0 as smaller than the current value of the Hubble constant. This analysis must be complemented with observations, i.e. MG must give very subleading contributions to the Friedmann equation. Let us rewrite Eq. (4.1), again setting α 3 = 0 = α 4 , in this form:
Clearly, we want to recover the H = ρ/3 as m → 0. By looking at the main denominator on the RHS above, one can see that the condition |m 2 |/H 2 0 < 1 must be imposed and this conflicts with the Higuchi bound in its latest disguise as of Eq. (4.20) .
By using dRGT theory and its cherished properties, we found a new branch where H can live which is devoid of the typically stringent Higuchi bound. As soon as we focus on the Friedmann equation we realize this branch is not viable anymore. Things do not change qualitatively when switching on α 3 , α 4 , but we report the result below for completeness. Including matter is the next conceptual step, which we introduce in next section. The Higuchi bound with all parameters in use reads:
(4.23) This of course, must be combined with the requirement due to the Vainshtein mechanism, which is obtained straightforwardly from the Friedmann equation :
Combining the last 2 equations together one obtains:
There exist specific values of α 3 , α 4 , z for which this inequality is indeed satisfied. On the other hand, this would require some extreme tuning on the theory while we have yet to consider the fact that, eventually, H and so consequently z is supposed to wildly vary during cosmological epochs and this alone might make seemingly special values of α 3 , α 4 unacceptable. It is interesting to note that both polynomials in the numerator and denominator are cubic unless α 3 + α 4 = 0 in which case they are both quadratic. If in addition α 3 = −1 then both polynomials are linear. Because of this fact that regardless of the choice of α 3 and α 4 , the polynomials entering the Higuchi bound and the Friedmann equation are the same order, playing with these parameters does not remove the Higuchi-Vainshtein tension.
Let us stress again that, despite using a similar analysis, the result obtained here differs from the ones in [38, 39] (as well as from more recent work in [41, 42] ) in more than one, crucial, ways. First of all, the MG theory itself is a different one: the place of Fierz-Pauli MG is taken up by dRGT massive gravity for the reasons on which we expanded upon before. The second important point is that the reference metric f µν is here allowed to be other than the background value of the dynamical metric g µν , i.e. f µν =ḡ µν , the difference is parametrized by the time dependent function z.
Before one can claim that the Higuchi-Vainshtein tension is here to stay, matter should be added to the picture. This is what we do below. From the scalar sector perspective, this corresponds to adding another scalar mode and could, in principle, help relax the Higuchi bound and therefore the Higuchi-Vainshtein tension.
FRW on FRW
Consider now dRGT theory of massive gravity with FRW reference metric, and add matter content to it. We consider a simple expression for the matter contribution to the scalar sector, namely a scale field with an arbitrary potential, but we do not anticipate that the conceptual results will part from ours in more general scenarios. The idea is that our model for the scalar can mimic a generic equation of state, and so this should suffice for the instability analysis.
As we have seen in the dS case, the Higuchi-Vainshtein tension forces m into small interval of values. It is then crucial to investigate what happens away from de Sitter, when matter content is included and so the theory can describe the dynamics over the different cosmological epochs. The full Lagrangian now reads:
This Lagrangian has the form of (3.5). We have shown above that employing the freedom on the parameters α 3 , α 4 of the theory does not change the qualitative picture of the stability analysis. This allows us to set α 4 = 0 = α 3 , which benefits the algebra as well. All of the following calculation steps may be straightforwardly generalized to the case where α 3 and α 4 are nonzero. In a future work we shall give a simpler derivation which is applicable in the general case and confirms the following results [44] . We briefly sketch the route to the Higuchi bound, which closely mimics the simpler one above. The main difference is that we have an additional scalar mode and therefore Eq. (3.10) is to be intended with matrices as oppose to bare numbers. As a consequence, the calculation is a bit more involved and for simplicity we do not show all the explicit steps in the text. We refer the reader to Appendix B for details on all the initial matrices entries and more.
The equations of motion for the full theory read:
The algorithm one follows is similar to the one on page 5 with a few important additions: 1) Solve for N i and plug back in the Lagrangian;
2) Employ the field redefinitions:
3) Solve for the n constraint for the variable p t (no loss of generality); 4) Perform the field redefinitions:
5) Solve for h t by its algebraic equation; 6) Use the background e.o.m. and re-arrange the Lagrangian, through a series of canonical transformation, in such a way that it eventually takes the form:
where one can prove [39] that the second to last term can be reabsorbed 7 . The canonical transformations necessary to this aim are three. It is quite easy to show that they are indeed canonical; it is also important to check one has enough freedom on the matrices that define these transformations as to be able to eventually put the Lagrangian in the form (5.5).
The first transformation reads: 6) with α, h generic symmetric 2 × 2 matrices. These amounts to 6 degrees of freedom in α, h. The second transformation is simply: Q 0 → −P 0 , P 0 → Q 0 . After these transformations have been applied, one rewrites the Lagrangian in the form (3.10) and finds the entries of the new K, M, V matrices. The requirements we impose on these new matrices stems from the form of Eq. (5.5): one wants the (1,1) entry of the matrix K to be one, the off diagonal elements to vanish and the (0,0) entry to be free of Laplacians 8 . That leaves three free parameters. Those can be fixed by reproducing the wanted value of the coefficients multiplying Q 1 ∆Q 1 , Q 1 ∆Q 0 and P 1 ∆Q 0 , which saturates the number of free parameters and, at the same time, guarantees a Lagrangian in the form (5.5). There is a third canonical transformation, which gives its desired result by construction (i.e. without fixing any of the free parameters). It reads:
This last step forces a final V matrix with V 10 as the only non-zero entry. The Higuchi bound can now be read off directly from the sign of the K 00 entry. Quite remarkably, upon further simplifying the expression it turns out theḢ-dependence drops out of the equations, to give a simple bound of the form:
where we have used:˙b M b = H 0 and (1 + z) = H/H 0 . As usual requiring the vector modes are stable restricts this further to
This inequality immediately reduces to the usual m 2 ≥ 2H 2 in the case without matter and with f µν =ḡ µν 9 . There is no need to elaborate further on the H > 3/2H 0 branch at this point, as the discussion would be identical to the one in Section 4. As far as the H < 3/2H 0 branch is concerned, one realizes that things are simply worsened by the realization that, the very same inequality m 2 ≥ 2HH 2 0 /(3H 0 − 2H) has now to hold over time. As
8 Note that we focus on K now because the second canonical transformation flipped momenta and coordinates.
9 It also gives back the result of [39] upon setting α 3,4 to zero and using the appropriate background e.o.m.'s, i.e. z = 0.
we have seen before, making use of α 3 , α 4 also does not change the qualitative picture.
the bound found in [39] m 2 > 2(H 2 +Ḣ/N) appears to allow without constraint accelerating solutions. By contrast the bound found for the dRGT models is equally strong regardless of whether the universe is in an accelerating or decelerating regime. Furthermore, unlike these previous works, here we have studied a theory where the reference metric is distinct from the background dynamical metric.
Generically when analyzing the Higuchi inequality, one identifies two or more branches of values for the Hubble parameter H that satisfy the condition. For the case α 3 = α 4 = 0, one branch contains the f µν =ḡ µν solution in the absence of matter while the other one allows for a negative m 2 value whilst the effective massm 2 , the one that counts, is kept positive. If one were to focus just on the instability at this stage, it would be correct to conclude that the branch which does not include f µν =ḡ µν does indeed allow for a very weak, easily satisfied, Higuchi bound. However, one soon realizes this set of values for the parameters of the theory does not stand the test of observations, i.e. recovering GR wherever the Vainshtein screening mechanism is at work.
Another feature that emerged in this work is that the free parameters α 3 , α 4 do not change the qualitative picture of the Higuchi-Vainshtein analysis; they would if one were frozen into a specific cosmological epoch, but fully considering that H = H(t) and that one must account for all type of matter, is enough to render the coefficients ineffective to this aim.
It is interesting to note at this point how the analysis of homogeneous and isotropic cosmological solutions in dRGT [37] might carry the same message we learned here. In that work, a no-go theorem for k = 0 FRW solutions to dRGT with Minkowski reference metric was presented. The way out there relied on recalling that observations only require approximate homogeneous and isotropic solutions, and on looking for them in dRGT [37, [60] [61] [62] [63] [64] . We plan to lift the purely homogeneous and isotropic assumptions on the metrics in a follow up paper [45] . As an additional note it should be said that the no-go theorem can be evaded by giving full dynamics to both metrics, that is considering multi-metric theories [46, 58, 59, 65, 66] . We did not completely rule out here the fact that multimetric theories could also help in relaxing the HiguchiVainshtein tension and shall return to this in subsequent work [44] .
Verifying that dRGT theory possesses stable regions of the parameters space where the Higuchi-Vainshtein tension can be relaxed is quite an important task. We have shown that this is not the case when both the reference and dynamical metrics are FRW. We will report on our the results on the possible resolutions in a forthcoming work [44, 45] .
Whilst this paper was being submitted, the following paper [67] appeared in the literature. The study in [67] very partially overlaps with the work presented here. The authors there focus on the de Sitter and quasi-de Sitter case (see our Section 4 ) for bigravity. They do not study general FRW backgrounds as we do here. Also [68] appeared in the literature at the same time. There the authors study the so called decoupling limit of solutions such as the ones described in this paper, with special attention to the Higuchi bound and Vainshtein mechanism in that limit.
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Appendix A
The explicit expression for the functions c n , d n , e n , f n in the MG action of Eq. (3.9) reads:
The explicit expression for the quantity A in Eq. (4.13) reads:
2H (−9H 2 − 3m 2 (1 + z)(−1 + z(2 − α 3 (−2 + z) − α 4 z)) − 2∆) m 2 (1 + z)(−1 + z(2 − α 3 (−2 + z) − α 4 z)) · × 1 (2H 2 + m 2 (1 + z)(−1 + z(2 − α 3 (−2 + z) − α 4 z))) (6.2)
Appendix B
We give below the entries of the matrices K, M, V as they appear before point (6) in Section 5, that is, before the three final canonical transformations are performed: 11) one has to write the Lagrangian in the form (3.10) according to the new variables (Q, P). This, after many integrations by part, will give the new K, V, M matrices. As an example we report below the new K matrix.
K 00 =ḣ 00 + h 2 00 k 00 + h 2 01 k 11 + M 00 + 2h 00 (h 01 K 01 + V 00 ) + 2h 01 V 10 , −h 00 K 01 − h 01 K 11 − V 10 −α 01 (ḣ 00 + h 2 00 K 00 + h 2 01 K 11 + M 00 + 2h 00 (h 01 K 01 + V 00 ) + 2h 01 V 10 ) K 01 = −h 00 K 01 − h 01 K 11 − V 10 − α 01 (ḣ 00 + h 2 00 K 00 + h 2 01 K 11 + M 00 +2h 00 (h 01 K 01 + V 00 ) + 2h 01 V 10 ) K 11 = K 11 + 2α 01 (h 00 K 01 + h 01 K 11 + V 10 ) + α 2 01 (ḣ 00 + h 2 00 K 00 + h 2 01 K 11 + M 00 +2h 00 (h 01 K 01 + V 00 ) + 2h 01 V 10 ) (7.12) where the matrix entries K, M, V on the RHS of this last equation are to be intended as the "original" K, M, V entries, as given in Eq. (7.1-7.8) above. Equipped with the new matrices one then requires: -K 01 = 0, and solves for α 01 ; -Ṽ 01 = 0 and solves for h 11 ; -K 11 = 1 and solves for h 01 ; This is clearly taking the Lagrangian towards the form in (5.5). The other conditions that will further fix the remaining entries (e.g. h 00 = H Hubble , etc.) are: -No ∆'s inK 00 ; -No ∆'s inM 01 ; One can further massage the final expression for the Lagrangian, but, after this point, further requirements on α, h entries must be true by construction (i.e. the requirement will be a consequence of the ones above) because the freedom on the matrices has been saturated. We give the explicit expression for the final form of thẽ K 00 entry in the text (Section 5 ) as it is by requiring it to be positive that one obtains the Higuchi bound.
